The aim of this note is to characterize trees, endowed with coarse wedge topology, that have a retractional skeleton. We use this characterization to provide new examples of non-commutative Valdivia compact spaces that are not Valdivia.
Introduction
The class of Valdivia compact spaces plays an important role in the study of nonseparable Banach spaces. It has been investigated for example in [4] or more recently in [6] . For a detailed survey of this subject we refer to [7] . A related class of compact spaces is the class of the non-commutative Valdivia compacta. As in [2] , for non-commutative Valdivia compacta we mean the class of compact spaces with retractional skeleton. These two classes share several topological properties (see for example [2] and [12] ). The Banach spaces associated to Valdivia compacta respectively non-commutative Valdivia compacta are called Plichko spaces respectively Banach spaces with projectional skeletons . These two classes share several structural and geometrical properties (see [8] and [3] ). The definition of retractional skeleton was introduced by Kubiś and Michalewski in [9] . In the same paper the authors proved that a compact space is Valdivia if and only if it has a commutative retractional skeleton. The two classes do not agree: the ordinal space [0, ω 2 ], endowed with the interval topology, is an easy well-known example of a noncommutative Valdivia compact space that is not Valdivia (see [9, Example 6.4] ). Nevertheless, since [0, ω 2 ] is involved in any such example, the following question seems to be of interest:
Let X be a non-commutative Valdivia compact space that does not contain any copy of the ordinal space [0, ω 2 ]. Is X necessarily Valdivia?
The present paper answers in the negative the question above. That can be done via a characterization of trees, endowed with coarse wedge topology, with retractional skeleton. That characterization can have an independent interest. The coarse wedge topology (also known as path topology) has been studied in detail in [13] for providing a minimal size counterexample to preservation of Lindelöf property in products. In [14] is contained an example of tree endowed with the same topology which is a first countable Corson compact space with no dense metrizable subspace. The paper is organized as follows. In the remaining part of the introductory section, notations and basic notions addressed in this paper are given. In section 2 we provide basic definitions on trees and we recall the basic results on the coarse wedge topology, finally we recall some useful results about Valdivia and non-commutative Valdivia compacta classes. Section 3 is devoted to proving the characterization of trees with retractional skeleton. In section 4 we investigate the relations between trees and Valdivia compact spaces, in particular we present an example that gives a negative answer to the question above.
We denote with ω the set of natural numbers (including 0) with the usual order. Given a set X we denote by |X| the cardinality of the set X,
) the family of all countable (finite) subsets of X. All the topological spaces are assumed to be Hausdorff and completely regular. Given a topological space X we denote by A the closure of A ⊂ X. We say that A ⊂ X is countably closed if C ⊂ A for every C ∈ [A] ≤ω . A topological space X is a Fréchet-Urysohn space if for every A ⊂ X and x ∈ A there is a sequence {x n } n∈ω ⊂ A such that x n → x. βX denotes the Čech-Stone compactification of X.
Basic notions
In the first part of this section we recall some basic definitions about trees and the topology on them. The second part is devoted to giving the basic definitions and properties of classes of compact spaces which we are interested in. Definition 2.1. A tree is a partially ordered set (T, ≤), such that for each x ∈ T the set {y ∈ T : y < x} of all predecessors of x is well-ordered by <.
If a tree has only one minimal member, it is said to be rooted and the minimal member is called the root of the tree, in this case we will denote the root by 0. Maximal chains are called branches. Given a tree T we will use the following notations:
• the height of x in T , denoted by ht(x, T ), is the order type of {y ∈ T : y < x};
• for each ordinal α, the α-th level of T , is the set defined by Lev α (T ) = {x ∈ T : ht(x, T ) = α};
• by cf(x) we indicate the cofinality of ht(x, T );
• the height of T , denoted by ht(T ), is the least α such that Lev α (T ) = ∅;
• we denote by ims(x) = {y ∈ T : x < y & ht(y, T ) = ht(x, T ) + 1} the set of the immediate successors of x.
For t ∈ T we put V t = {s ∈ T : s ≥ t} andt = {s ∈ T : s ≤ t}. In this work we consider T endowed with the coarse wedge topology. Now we recall the definition of such a topology and its properties, we refer to [13] and [11] for the details. The coarse wedge topology on a tree T is the one whose subbase is the set of all V t and their complements, where t is either minimal or on a successor level. Let us describe a local base at each point t ∈ T . If ht(t, T ) is a successor or t is the minimal element, a local base at t is formed by sets of the form
where F is a finite set of immediate successors of t. In case ht(t, T ) is limit, a local base at t is formed by sets of the form
where s < t, ht(s, T ) is a successor and F is a finite set of immediate successor of t. From now on every tree is considered endowed with the coarse wedge topology. We are interested in examples of compact spaces, therefore we recall the characterization of the trees which are compact in the coarse wedge topology. From now on we will consider only chain complete trees with a unique minimal element. We observe that if T is as in the previous theorem, it is a zero dimensional compact space. Let us now give the definition and a characterization of Valdivia compact spaces.
A family of sets U is T 0 -separating in X if for every two distinct elements x, y ∈ X there is U ∈ U satisfying |{x, y} ∩ U| = 1. A family U is point countable on D ⊂ X if |{U ∈ U : x ∈ U}| ≤ ω for every x ∈ D. Given x ∈ T we indicate by U(x) = {U ∈ U : x ∈ U}. We recall a useful characterization of Valdivia compact spaces. It is easy to see that the family U in the previous theorem may consist of sets from a given base. Therefore, if K is zero-dimensional, U may consists of clopen sets, see [5, Theorem 19.11] for the details. Now let us recall the notion of retractional skeleton which is used to define a non-commutative counterpart of Valdivia compact spaces. Definition 2.6. A retractional skeleton in a compact space K is a family of continuous retractions {r s } s∈Γ , indexed by an up-directed partially ordered set Γ, such that:
We say that D = s∈Γ r s [K] is the set induced by the retractional skeleton {r s } s∈Γ in K.
By [9] K is Valdivia if and only if it has a commutative retractional skeleton. More precisely, a dense set D ⊂ K is a Σ-subset if and only if it is induced by a commutative retractional skeleton. Compact spaces having a retractional skeleton (not necessarily commutative) are called, following [2] , non-commutative Valdivia compact spaces. We recall some useful and well-known results about retractional skeletons. (ii) D is a Fréchet-Urysohn space.
(iii) D is a normal space and K = βD.
In particular we observe that, given a retractional skeleton in a compact space X, its induced subset D is countably compact.
Trees and Retractional Skeletons
Since we are interested in compact Hausdorff spaces, by Theorem 2.3 we assume that every tree is rooted, chain complete and endowed with the coarse wedge topology. We start by stating the main result of this section, which provides a characterization of trees with retractional skeleton.
Theorem 3.1. Let T be a tree. T has a retractional skeleton if and only if it satisfies the following condition:
t has at most finitely many immediate successors whenever cf(t) ≥ ω 1 . ( * )
We observe that the "only if" part follows from the following proposition:
Proposition 3.2. Let T be a tree. If T has a retractional skeleton then it satisfies ( * ) and, moreover, the induced subset is D = {t ∈ T : cf(t) ≤ ω}.
Proof. Let D be the induced subset of a retractional skeleton on T . Let t ∈ T in a successor level, we want to prove that t ∈ D. Two cases are possible:
• suppose that ims(t) is finite, then t is isolated and therefore, since D is dense, we have t ∈ D;
• suppose there exists an infinite subset {t n } n∈ω ⊂ ims(t). For every n ∈ ω, by the density of D, there exists s n ∈ V tn ∩ D. We observe that the sequence {s n } n∈ω converges to t, hence, since D is countably closed, we have t ∈ D.
Since D is countably closed t ∈ D whenever cf(t) = ω. Since D is a Fréchet-Urysohn space, if cf(t) ≥ ω 1 we have that t / ∈ D. This implies that ims(t) is finite whenever cf(t) ≥ ω 1 .
The remaining part of this section is devoted to prove the "if part" of Theorem 3.1. The strategy is to find a suitable class of subsets of the tree that play the role of the set of indices of the retractional skeleton. Definition 3.3. Let T be a tree that satisfies ( * ). Define the following mappings:
• ϕ :
≤ω such that ϕ(t) = {0} if cf(t) = ω and ϕ(t) = {t n } n∈ω if cf(t) = ω, where {t n } n∈ω ⊂ T is a sequence that converges to t, t n < t for every n ∈ ω and t n belongs to a successor level for every n ∈ ω.
• ψ :
We denote by A(T ) the class of subsets A of a tree T that satisfy the following properties:
(a) A is countable,
Proposition 3.4. Let T be a tree that satisfies ( * ) and S be a countable subset of T , then there exists an A ∈ A(T ) such that S ⊂ A.
Proof. We will use an induction argument, consider S 0 = S ∪ {0} and
Define A = n∈ω S n , it remains to prove that A ∈ A(T ):
(a) given a countable set N, we have that ∧(N × N), ψ(N), ϕ(N) are countable.
This implies that A is countable.
(c) let s, t ∈ A, then there exists n ∈ ω such that s, t ∈ S n , therefore s ∧ t ∈ S n+1 ⊂ A;
(d) let t ∈ A, then there exists n ∈ ω such that t ∈ S n , therefore ϕ(t) ⊂ S n+1 ⊂ A;
(e) if t ∈ A, then there exists n ∈ ω such that t ∈ S n , therefore ψ(t) ⊂ S n+1 ⊂ A.
This completes the proof.
It follows from Proposition 3.4 that A(T ), ordered by inclusion, is an up-directed partially ordered set. Moreover, it is obvious that A(T ) is σ-complete. Now we are going to list some properties of A, with A ∈ A(T ) and the closure is taken in T with respect to the coarse wedge topology.
Proposition 3.5. Let T be a tree that satisfies ( * ). Let A ∈ A(T ) and D = {t ∈ T : cf(t) ≤ ω}, then the following properties hold:
3. if t ∈ A and cf(t) = ω, then there exists a sequence {t n } n∈ω ⊂ A that converges to t, t n < t for every n ∈ ω and each element of {t n } n∈ω belongs to a successor level,
Proof.
(1) and (2) are clear.
(3) If cf(t) = ω and t ∈ A, the assertion follows by taking ϕ(t). Suppose that t ∈ A \ A and cf(t) = ω. The first step is to prove that for every s < t, with s on a successor level, there exists w ∈ A such that s ≤ w < t. In order to do this, we take an open neighborhood W F s such that if x ∈ W F s ∩ A, then either x < t or x and t are incomparable. Since t ∈ A \ A, such a neighborhood exists. Let x ∈ W F s ∩ A, if x < t, then we take w = x. Suppose now that x ∈ W F s ∩ A and x and t are incomparable. Let w = x ∧ t and consider W F r where w ≤ r < t and r is on a successor level, hence there exists w 1 ∈ W F r ∩ A such that w = x ∧ w 1 . Therefore w ∈ A and s ≤ w < t. So, we can find a sequence {s n } n∈ω ⊂ T that converges to t, each s n belongs to a successor level and s n < t for every n ∈ ω. By the previous consideration there exists w n ∈ A such that s n ≤ w n < t for every n ∈ ω. The assertion follows by considering three different cases:
• if w n is on a successor level, then t n = w n ;
• if cf(w n ) = ω, then there exists t n ∈ ϕ(w n ) such that s n < t n < t;
• if cf(w n ) ≥ ω 1 , then there exists t n ∈ ψ(w n ) such that s n < t n < t.
(4) Suppose that t ∈ A and t on a successor level. If t is isolated, then obviously t ∈ A. So, suppose that t is an accumulation point. Let x ∈ V t ∩ A and y ∈ W F t ∩ A, where F ⊂ ims(t) and x / ∈ W F t . Since t = x ∧ y and A ∈ A(T ), we have t ∈ A. On the other hand, let t ∈ A and cf(t) ≥ ω 1 . Fix some s < t on a successor level and set F =ims(t). Since A is countable, we have that A ∩ W F s \ {t} = {s i } i∈ω . Let s i = t ∧ s i , and let s = sup{s i }. Since cf(t) ≥ ω 1 , we have s < t. Hence W F s+1 ∩ A = {t}, where s + 1 ∈ ims(s) and s + 1 < t. Therefore t ∈ A. We conclude that if t ∈ A \ A, then cf(t) = ω.
(5) Let s, t ∈ A, we may assume without loss of generality that s and t are incomparable. Let s 0 , t 0 ∈ ims(s ∧ t) such that s 0 ≤ s and t 0 ≤ t. Thus we have that s ∈ V s 0 , t ∈ V t 0 and V s 0 ∩ V t 0 = ∅. Therefore there are s 1 , t 1 ∈ A such that s 1 ∈ V s 0 and t 1 ∈ V t 0 , hence t ∧ s = t 1 ∧ s 1 ∈ A.
(6) It follows from point (4). Proof. We observe that by point (7) of Proposition 3.5, the mapping r A is welldefined for every A ∈ A(T ). Now we are going to prove the continuity of each r A . Let t ∈ T : (ii) Let A, B ∈ A(T ) such that A ≤ B, then for every t ∈ T we have r A (t) ≤ r B (t) ≤ t. We observe that r A (t) ∈ A ∩ D ⊂ B ∩ D, therefore r A (t) = r B (r A (t)). If r B (t) ∈ A, then r A (t) = r A (r B (t)). On the other hand if r B (t) > r A (t), then there are no points s ∈ A ∩ D such that r A (t) < s < r B (t). Hence r A (t) = r A (r B (t)).
Hence lim n∈ω r An (t) = sup n∈ω r An (t). Suppose, by contradiction, sup n∈ω r An (t) < s ≤ r A (t) for some s in a successor level. Since V s is an open neighborhood of r A (t) and A = n∈ω A n is dense in A, there exists n ∈ ω and
By the same reasons of above there exists m ≥ n and s 2 ∈ A m such that s 2 ∈ W F s . Thus s 0 = s 1 ∧ s 2 belongs to A m and s ≤ s 0 ≤ t. This implies r Am (t) ≥ s > sup n∈ω r An (t). A contradiction.
(iv) Let t ∈ T , we split in two cases:
• suppose cf(t) ≥ ω 1 , then for every open set t ∈ W F s there exists a successor point w < t and w ∈ W • suppose cf(t) ≤ ω, then by Proposition 3.4 there exists A ∈ A(T ) such that t ∈ A. Hence, r B (t) = t for every B ⊇ A.
Therefore {r A } A∈A(T ) is a retractional skeleton on T .
Valdivia compact trees
In this section we investigate the relations between Valdivia compact spaces and trees. We start by proving that every tree of height at most ω 1 + 1 is Valdivia. On the other hand if a tree is Valdivia then its height must be less than ω 2 + 1.
Theorem 4.1. Let T be a tree, then the following assertions hold:
(1) We will use Theorem 2.5 to prove that T is Valdivia. Let D = {t ∈ T : cf(t) ≤ ω}, D is dense and since ht(
is a successor ordinal}. We want to prove that the family U is point countable on D. Let t ∈ D and s ∈ T such that V s ∈ U. We consider three cases:
• s, t are incomparable, then V s / ∈ U(t);
Hence, since if t ∈ D then ht(t, T ) < ω 1 , we have |U(t)| ≤ ω if t ∈ D. This proves that U is point countable on D. It remains to prove that U is T 0 -separating. Let s, t ∈ T be distinct elements, we consider two cases:
• ht(s, T ) is a successor ordinal. In the case that s and t are incomparable or t < s, since V s ∈ U and t / ∈ V s , we have |V s ∩ {s, t}| = 1. Suppose that s < t, then there exists an element r such that ht(r, T ) is a successor ordinal and s < r ≤ t. Hence V r ∈ U, t ∈ V r and s / ∈ V r ;
• ht(s, T ) and ht(t, T ) are limit ordinals. If t < s there exists r ∈ T such that ht(r, T ) is a successor ordinal and t < r < s. Therefore V r ∈ U and |V r ∩ {s, t}| = 1. Otherwise, if s and t are incomparable there exists r ∈ T such that ht(r, T ) is a successor ordinal, r < t and r and s are incomparable. Hence |V r ∩ {s, t}| = 1.
(2) Since T is Valdivia, by Proposition 3.2 we have that D = {t ∈ T : cf(t) ≤ ω} is the Σ-subset of T . Suppose, by contradiction, that ht(T ) ≥ ω 2 + 1. Then there exists t ∈ T such that ht(t, T ) = ω 2 . This means thatt, with the subspace topology, is homeomorphic to [0, ω 2 ], with interval topology. Sincet ∩ D is dense int, we have thatt would be a Valdivia compact space with the subspace topology. This is a contradiction because [0, ω 2 ] is not Valdivia.
This concludes the proof.
In the rest of this section we provide an example of tree with retractional skeleton that gives a negative answer to the question posed in the introduction. Let X = α<ω 1 X α , with |X α | ≥ 2 for every α < ω 1 , endowed with the topology whose basis is the collection of all sets V (g, α) = {f ∈ X : g ↾ α = f ↾ α}, where g ∈ X and α < ω 1 . This is a slight generalization of the generalized Baire space endowed with the bounded topology. We refer to [1] for a detailed reference in this field.
We observe that the sets V (g, α) are clopen and that already the sets V (g, α), α successor ordinal, form a basis of the topology. A ξ is dense in X.
Proof. Let U be an open subset of X. By transfinite induction on ξ < ω 1 we define a transfinite sequence of elements {f ξ } ξ<ω 1 ⊂ X and a transfinite increasing sequence of ordinals
We define those sequences in the following way:
is an open non-empty subspace of X, there exist f γ+1 and α γ+1 such that
• ξ is limit. Let α ξ = sup γ<ξ α γ and f ξ ∈ X such that f ξ ↾ α γ = f γ ↾ α γ for every γ < ξ. Therefore we have that V (f ξ , α ξ ) ⊂ γ<ξ A γ .
Finally, let f ω 1 ∈ X defined by f ω 1 ↾ α ξ = f ξ ↾ α ξ , for every ξ < ω 1 . f ω 1 belongs to U and to A ξ for every ξ < ω 1 . This gives us the assertion.
We recall that, given a cardinal κ and an ordinal α, the full κ-ary tree of height α is the tree of all transfinite sequences f : β → κ, for some ordinal β < α, with the following order: f ≤ g if and only if dom(f ) ⊂ dom(g) and g ↾ dom(f ) = f . Example 4.3. Let T be a subtree of the binary tree of height ω 1 + 2 such that for every t ∈ Lev ω 1 (T ) there exists a unique immediate successor, we denote the immediate successor of t ∈ Lev ω 1 (T ) by t + 1. Consider T endowed with the coarse wedge topology. We have the following:
1. T has retractional skeleton by using Theorem 3.1;
2. T does not contain any copy of [0, ω 2 ], since the character of T is equal to ω 1 ;
3. nevertheless T is not Valdivia.
Let us finally prove point 3. Suppose by contradiction that T is Valdivia. Let D be a dense Σ-subset of T . By Proposition 3.2 necessarily D = {t ∈ T : cf(t) ≤ ω}. By Theorem 2.5, let U be a T 0 -separating family of clopen sets witnessing that D is a Σ-subset. We may assume that the elements of U are of the form W F s where s ∈ T is on a successor level and F ⊂ T is a finite. We observe that if W 
T ).
Fix t ∈ Lev ω 1 (T ), since t + 1 ∈ D and U is point countable on D, there exists θ(t) < ω 1 such that t + 1 / ∈ U whenever U ∈ U(t) and U ∩ Lev θ(t) (T ) = ∅. By previous observation the mapping θ : Lev ω 1 (T ) → ω 1 is well defined. We observe that Lev ω 1 (T ) with the subspace topology is homeomorphic to 2 ω 1 endowed with the bounded topology. Since Lev ω 1 (T ) = α<ω 1 θ −1 (α), there exists, by Proposition 4.2, a α < ω 1 such that θ −1 (α) ⊂ Lev ω 1 (T ) is somewhere dense. Let A be an open subset of T such that A ∩ θ −1 (α) is dense in A ∩ Lev ω 1 (T ). Since α < ω 1 , there exists an open set V t 0 ⊂ A, where α < ht(t 0 , T ) < ω 1 and ht(t 0 , T ) is a successor, such that V t 0 ∩ θ −1 (α) is dense in V t 0 ∩ Lev ω 1 (T ). Claim: there exists an element U 0 of the family U such that U 0 ⊂ V t 0 . Therefore, since U 0 is a clopen subset of T contained in V t 0 and θ −1 (α) is dense in V t 0 , the intersection U 0 ∩ θ −1 (α) is an infinite subset of Lev ω 1 (T ). Further we have that ht(t 0 , T ) > α, hence for every s ∈ U 0 ∩ θ −1 (α) we have s + 1 / ∈ U 0 , a contradiction. It remains to prove the claim. Since U is point countable on D, in particular at t 0 , and |V t 0 ∩ θ −1 (α)| > ω, there exist a w ∈ V t 0 ∩ θ −1 (α) and a W It is enough to prove that t 0 < s 0 . Since t 0 / ∈ W F s 0 , we have that t 0 = s 0 , therefore suppose that s 0 < t 0 . Then there exists r ∈ F , on a successor level, such that s 0 < r ≤ t 0 . Since t 0 < w, we have that w / ∈ W F s , a contradiction. Thus t 0 < s 0 and therefore W Remark 4.4. We have assumed that every tree was rooted, the above results can be proved also if the tree T has finitely many minimal elements. In fact if T has finitely many minimal elements, then it can be viewed as the topological direct sum of rooted trees.
